Dark sector mass relations, such as those which permit near-threshold or near-resonance annihilation in the early universe, could arise due to IR-attractive ratios in renormalization group equations. Achieving a particular ratio requires specific dark matter gauge charges or interactions, leading to predictions about the dark matter properties. Furthermore, additional states with masses comparable to the dark matter mass may be necessary, potentially giving rise to novel phenomenology. We explore this idea in the context of dark matter charged under a new gauged U (1)X that kinetically mixes with the Standard Model hypercharge.
INTRODUCTION
In many models of electroweak-scale dark matter (DM), achieving the correct thermal relic density while avoiding direct and indirect detection, collider and precision constraints requires mass relations between particles in the dark sector. As first explored in [1] , the dark matter may be close in mass to another state, permitting coannihilation with or phase-space suppressed annihilation to the other state. Alternatively, the dark matter mass may be approximately half that of a resonance.
Such relations can enhance the dark matter annihilation rate, allowing the correct relic density to be achieved with smaller couplings, and hence without large detection or production cross sections (see [2, 3] for recent discussions).
But why should such mass relations exist? Moreover, as masses and couplings vary with energy scale, one can ask why dark sector masses happen to exhibit the required relations at the appropriate scale (i.e. around the dark matter mass). In this note, we explore the idea that dark sector mass relations arise from infrared (IR)-attractive ratios. Though GUT scale parameters may be a priori unrelated, renormalization group (RG) running focuses the parameters to particular ratios at the electroweak scale. The mass relations thus emerge dynamically due to the interactions and quantum numbers of the dark sector particles.
For instance, consider a fermion (which we imagine to be the DM) and a vector boson that both acquire mass via coupling to a scalar field that attains a vacuum expectation value (vev). If y represents the relevant Yukawa coupling, g the gauge coupling and V the vev, then the fermion and vector boson masses go as m f ∝ yV and m V ∝ gV , such that the mass ratio m f /m V ∝ y/g is entirely determined by the ratio of the couplings. At one-loop order, the RG equations for the couplings are of the form
where t ≡ ln µ is the logarithm of the renormalization scale µ. This system of equations exhibits an IRattractive ratio, which can be found by solving
Certain choices of quantum numbers and couplings (i.e. . Clearly, a particular coupling (and hence mass) ratio can be achieved at the weak scale without significant numerical coincidence at the GUT scale.
This idea shares some intellectual ancestry with earlier attempts to predict masses and mass relations for the top quark and Higgs boson using IR fixed points in the Standard Model (SM) [4] [5] [6] [7] . Other recent attempts to understand dark sector masses using RG properties include [8] [9] [10] .
In the next section, we will explore RG focusing in the context of models in which the dark matter is charged un- . We fix gGUT = 2 and take yGUT = 3 (solid) or yGUT = 1 (dashed).
the hypercharge U (1) Y of the SM. We will demonstrate how particular mass relations can be achieved and will discuss the phenomenological implications. Then, we will discuss possible extensions and alternative applications of this idea and conclude.
KINETIC MIXING EXAMPLES
A simple model of dark matter involves a fermion Ψ charged under a new U (1) X gauge group,
where X is the U (1) X gauge boson and q L,R are the U (1) X charges of the left-and right-handed components of Ψ. The X boson mixes with the Standard Model hypercharge boson Y via kinetic mixing [11, 12] ,
We assume that X acquires mass due to the vev of a scalar field Φ (with charge normalized to −1),
such that for Φ = This type of model provides a particularly nice framework for studying RG focusing. First, the relative simplicity permits the construction of straightforward yet instructive examples. Second, both theoretical and experimental considerations tend to require small sin , which makes it difficult to achieve the correct relic density without invoking particular mass relations [14] . On the theoretical side, the value of sin generated by loops of heavy particles charged under both U (1) X and U (1) Y is expected to be sin ∼ < 0.1 [12, 15] . On the experimental side, LHC searches for resonances decaying to lepton pairs [16] and electroweak precision measurements [17, 18] place limits on sin for a wide range of m Z .
Moreover, if the dark matter exhibits vectorial couplings to X, direct detection constraints on spin-independent (SI) scattering with nucleons from XENON100 [19] can be significant. 1 The relevant experimental bounds, which tightly constrain sin , are shown in Fig. 2 . 1 For weak-scale thermal dark matter, bounds from indirect detection experiments are not currently constraining [14] . For lighter DM (m DM ∼ < 10 GeV), limits from BaBar [20] can also be relevant [18] . 2 Relic densities and SI scattering cross sections are computed in micrOMEGAs3.1 [21] using expressions from [22] . Approximate projections for the 14 TeV LHC with L = 300 fb −1 are derived based on hadronic structure functions [23, 24] calculated using CalcHEP 3.4 [25] , dilepton invariant mass resolution estimates from [26, 27] , and variation in background between √ s = 8 TeV and 14 TeV estimated using PYTHIA 8.1 [28] .
FIG. 2.
Regions in the (m Z , sin ) plane yielding the correct relic density (red), taken to be the 5σ range from PLANCK [13] , fixing mDM = 500 GeV and gX = 1. Also shown are constraints from the LHC (black, solid) [16] , electroweak precision tests (gray shaded) [17, 18] and XENON100 (blue, solid) [19] . In addition, we include projections for XENON1T (blue, dotted) [29] and the 14 TeV LHC with L = 300 fb −1 (black, dotted). The three plots correspond to qL = 5 4 , qR = − The necessity of these mass relations makes kinetic mixing models with weak-scale DM prime candidates for benefitting from RG focusing. We now present two models with basic structure as outlined in the introduction, one of which exhibits m f ≈ m Z and one of which exhibits
Consider χ ± , η ± to be left-handed Weyl fermions with U (1) X charges ±q and ±(1 − q) respectively. We introduce Yukawa couplings of the form
As the fermions come in pairs with opposite charges, this model is anomaly free. We assume separate Z 2 symmetries, which ensure that the new fermions are stable (and hence DM candidates) and also forbid vector-like masses of the form χ + χ − . After spontaneous symmetry breaking of the U (1) X , the χ ± and η ± are married to yield two Dirac fermions with masses m ± = y±V √ 2
. The ratio of m ± to m X is given by
The one-loop beta functions for the couplings are
where
. This system of equations exhibits IR-attractive fixed ratios
The subscript "0" denotes that these ratios are RG invariant -in other words, for couplings fixed to these ratios, the ratios will be preserved by RG running.
We now imagine that the couplings take some generic values at the unification scale M GU T . Then, as the couplings are run to the dark matter scale (taken to be on the order of m Z ), they evolve such that they are attracted towards these ratios. By Eq. (8) , this leads to particular relations between the fermion masses and the Z mass -different choices of q will yield different mass ratios.
By examining Eqs. (8) and (11), we see that we can approximately achieve the desired mass relation if q = 5 4 , for which
Provided that the couplings converge to this ratio sufficiently quickly, the dark matter will have mass m χ ∼ > m Z and so will undergo phase-space suppressed annihilation to Z Z in the early universe, conceivably yielding the correct relic density even for very small values of sin .
Both of the new fermions are stable, so they will each constitute a component of the dark matter -however, the heavier state will annihilate more efficiently and so the lighter state will comprise the majority of the dark matter.
How quickly do the couplings converge to the fixed ratio? Consider the variable δ ± , defined by
which measures the deviation of the coupling ratio from the fixed ratio. From Eqs. (9) and (10), we can derive a differential equation for δ ± , assuming δ + = δ − for sim-
This demonstrates that, for δ ± > 0 or −1 < δ ± < 0, δ ± → 0 as t → −∞; the fixed ratio is IR attractive.
The other fixed points of the equation are δ ± = −1, corresponding to turning off the Yukawas (and indicating no Yukawas are generated by RG running), and δ ± = −2, which is analogous to the fixed point at δ ± = 0 up to rephasing of the fermion fields.
3 As this is a point of enhanced symmetry, y + = y − could perhaps be enforced as a GUT scale relation.
The values of δ +,EW = δ −,EW at the electroweak scale after ∼ 33 e-folds of running (corresponding to running Fig. 3(a) as a function of g X,GU T for a variety of GUT-scale deviations δ +,GU T = δ −,GU T . It is clear that, for reasonable values of g X,GU T ≈ O(1), the couplings come very close to the fixed ratio even if there is significant misalignment at the GUT scale, demonstrating the efficacy of the focusing. Thus, this mechanism is capable of generating dark sector mass relations without substantial coincidence of parameters. As expected from Eq. (14), the couplings approach the fixed ratio faster for δ ± > 0 than for −1 < δ ± < 0.
It is also interesting to consider what happens if the
Yukawa couplings are not aligned at the GUT scale
The results are shown in Fig. 3(b) .
Although the Yukawas do not end up equal, they are driven to similar values near the IR-attractive ratio. This gives rise to the situation described above wherein the dark matter is multi-component, but dominated by the (slightly) lighter component. In Fig. 4 , we show the regions in the (δ + , δ − ) GU T plane for which the correct relic density is achieved for two different choices of g X,GU T .
As a result of the RG focusing, a significant region of the GUT scale parameter space yields the correct relic density.
Our analysis has thus far considered the RG evolution of the couplings only at one-loop. Given the large GUT scale values for the couplings, a reasonable concern is whether our conclusions are greatly affected by higherorder terms. For instance, in Fig. 3(a) , y ±,GU T = 7.0 for and qR,± = ±(1 − q) = ∓ ), the precise value of sin does not affect the cosmology provided that it is large enough that the Z decays prior to BBN.
firmed that higher-loop corrections of the size expected from [30, 31] do not significantly alter our results or the rate of convergence to the fixed ratio. This is partly because the couplings become smaller in the IR, such that the perturbative expansion is under control in the region where the couplings are approaching the fixed ratio. As a result, the one-loop terms dominate.
Finally, it is interesting to explore how efficient the focusing would be over fewer e-folds. For instance, one could imagine a scenario in which the RG equations attain the correct form to yield the desired IRattractive ratio after crossing some heavy mass threshold M H < M GU T . In this case, we can take (δ ± , g X ) H to be boundary conditions at the threshold scale µ = M H . In The main phenomenological implication of this model is that the dark matter U (1) X charges must be q L ≈ 5 4 , q R ≈ − 1 4 in order to achieve the desired mass ratio. For these charge assignments, the dark matter exhibits a significant vectorial coupling to the Z and Z gauge 5 The rapidity of the focusing also implies that such a model could give rise to dark sector mass relations at a significantly higher scale than the weak scale -of course, such a scenario is phenomenologically dismal. , such that annihilation in the early universe is approximately on resonance. Thus, one might also wish to explain this mass ratio via a similar mechanism. However, for the model above,
with the minimum occurring for q = Perhaps the simplest way to introduce new states is to augment Eq. (7) to respect an SU (N F ) 2 symmetry. For
However, as there are more DM components, the dark matter must annihilate more efficiently to achieve the correct relic density. This requires either a larger value of sin (in tension with the constraints mentioned above)
or that 2m ± is particularly close to m Z , which would imply a significant numerical coincidence in GUT scale parameters even with RG focusing (largely neutralizing the benefits of the focusing).
Consequently, we instead introduce new fermions X ± , N ± (in addition to χ ± , η ± ) that couple to Φ, but decay such that they do not contribute to the dark matter relic density. X ± and N ± have U (1) X and U (1) Y charges ±Q X , ±(1 − Q X ) and ±Q Y , ∓Q Y respectively.
We add to Eq. (7) the Yukawa couplings
When Φ takes on its vev, X ± and N ± marry to form two Dirac fermions with M ± = Y±V √ 2
. As the X ± , N ± states decay, in principle we do not need to relate their 6 A similar alternative, which we do not elaborate on here, would be to introduce new "inert" scalars coupling to χ ± , η ± , which would increase c by contributing to the fermion wave function renormalization.
masses to that of the U (1) X gauge boson as for χ ± , η ± .
However, since the interactions of the new states are vital for producing the desired IR-attractive ratio, we want these states to contribute to the RG evolution all the way to the dark scale. In light of this, it is logical that these states acquire all of their mass from U (1) X breaking such that M ± ∼ m ± -for this reason, we assume additional Z 2 symmetries forbidding vector-like mass terms. This also leads to a particular prediction of these models, namely the existence of additional dark sector states with masses comparable to the dark matter mass.
The choices of Q X and Q Y determine how X ± , N ± can decay -one choice that readily permits decay is Q X = q and Q Y = 1. We introduce a new scalarẽ with SU (2) L × U (1) Y quantum numbers (1, −1) and interactions of the form (17) permitting decays such as
Note that the U (1) Y interactions will tend to drive Y ± > y ± ⇒ M ± > m ± . κ ± and κ are taken to be sufficiently small that they have a negligible effect on the dark sector RG evolution, but sufficiently large that the X ± , N ± states decay prior to DM freeze-out to avoid repopulating the dark matter. For approximately TeV scale particles, fast enough decay occurs if κ ± ≈ κ ∼ > 10 −4 such that both of these conditions can indeed be satisfied.
In this model, the ratios that the couplings approach in the IR are somewhat more complicated due to the effect of the hypercharge on the RG equations. Symmetry between + and − states implies
However, solving the equations
7 Another choice permitting decay is Q X = 1, Q Y = 0. The N ± would be gauge singlets, and could decay via the higherdimension operator L = , with the shaded gray region forbidden as M± < m± -contours for q = 3 4 are not shown but are largely similar.
The attractive ratios evolve as a function of scale (or as a function of the values of g X,Y ). If the dark matter relic density is set by near-resonant annihilation in the early universe, it may well imply the existence of additional states close in mass to the dark matter, resulting in novel phenomenology beyond the dark matter direct detection prospects. For the model above, we predict new charged particles with masses M ± ∼ (1.2 − 1.7)m ± . As these particles decay prior to dark matter freeze-out, their lifetimes satisfy
For τ close to saturating this bound, the additional particles would be relatively long-lived and could produce disappearing tracks at the LHC. Such signals have been searched for, and limits of M ± ∼ > O(400 − 500 GeV) have been placed [34] . For shorter lifetimes, the heavier states will decay to yield opposite-sign dilepton plus missing energy signatures, such that they could potentially be observed in SUSY chargino searches [35, 36] . However, the current reach of such searches is relatively limited (only requiring M ± ∼ > O(100 − 200 GeV)) due to the somewhat small M ± − m ± splitting predicted.
Depending on the U (1) X charge of the dark matter, there can be interesting interplay between direct detection and LHC dilepton resonance searches. For instance, if q = We have also made several simplifying assumptions regarding the structure of the theory. For instance, we assumed no dynamics affect the RG equations between µ = M GU T and µ ∼ O(m Z ). As alluded to earlier, however, one could imagine more complicated scenarios with additional mass thresholds that alter the relative running of the couplings. Furthermore, we considered only a single U (1) X Higgs field -in models with multiple Higgs fields, the presence of additional "tan β" parameters will affect the masses of the various particles. While this provides more model-building freedom, it requires an explanation as to why ratios of vevs would take particular values as well. In addition, we have remained agnostic as to why the dark scale and electroweak scale might be related (in other words, why V ≈ v EW ). This represents a second hierarchy problem, and could be addressed in a UVcomplete model. On a related note, one could attempt to realize a supersymmetric version of this mechanism. In practice, the additional states present in a supersymmetric theory (which contribute to b, must acquire masses etc.) make such examples more complicated.
In models that generate mass relations via RG focusing, achieving specific attractive ratios requires certain charge assignments or the introduction of additional states and interactions. While new states need not contribute to the dark matter relic density, they may still have properties (such as masses or charges) related to the dark matter properties. Thus, although dark sector mass relations may make direct detection more difficult, they may also point to rich alternative phenomenology.
Furthermore, RG focusing can make tightly-constrained models (such as the kinetic mixing models explored here) more palatable by relating masses without requiring serious numerical coincidences. RG focusing in the dark sector offers a wide variety of possibilities and is worthy of future study.
